
Integration With 
Differential Forms

(see links in description to learn about 
differential forms/covector fields)



Differential Forms

𝑑
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Integration

න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥
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Differential Form

𝑑𝑓



Every (single) integral….

Differential Form interpretation of Integrals

න
𝑎

𝑏

𝑓(𝑥)𝑑𝑥

නනන𝑑𝑥𝑑𝑦𝑑𝑧නන𝑑𝑥𝑑𝑦



Every (single) integral involves
• a differential form (covector field)
• a path

The result of the 
integral is just 
the number of 
covector stacks 
pierced by the path.

Differential Form interpretation of Integrals

න
𝑎

𝑏

𝑓(𝑥)𝑑𝑥



න
𝑃 𝑎, 𝑏

∇𝐹 ⋅ 𝑑 Ԧ𝑟 = 𝐹 𝑏 − 𝐹 𝑎
න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = 𝐹 𝑏 − 𝐹 𝑎

න
𝑎

𝑏 𝑑𝐹

𝑑𝑥
𝑑𝑥 = 𝐹 𝑏 − 𝐹 𝑎

Fundamental Theorem 
of Calculus

Fundamental Theorem 
of Calculus for Line Integrals

(“Gradient Theorem”)

𝐹 is the anti-derivative of 𝑓



Work



Force Field
Ԧ𝐹 = 2𝑒𝑥 + 1𝑒𝑦

Work done by Force Field

𝑊 = Ԧ𝐹 ⋅ 𝑅

𝑅 = 3𝑒𝑥 + 0𝑒𝑦

𝑊 = Ԧ𝐹 ⋅ 𝑅

𝑊 = 2𝑒𝑥 + 1𝑒𝑦 ⋅ 3𝑒𝑥 + 0𝑒𝑦
𝑊 = 2 3 + 1 0
𝑊 = 6



Gravitational Force Field

Ԧ𝐹𝐺 =
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟)



Gravitational Force Field

Ԧ𝐹𝐺 =
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟)

𝑊 = න
𝑃

Ԧ𝐹𝐺 ⋅ 𝑑𝑅

𝑊 = න
𝑃

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

Work done by Force Field

𝑊 = Ԧ𝐹 ⋅ 𝑅



Gravitational Force Field

Ԧ𝐹𝐺 =
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟)

𝑊 = 𝑃׬
Ԧ𝐹𝐺 ⋅

𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟) ⋅ 𝑒𝜃 𝑑𝜆

𝑊 = −
𝐺𝑀𝑚

4
න
𝐶

𝑒𝑟 ⋅ 𝑒𝜃 𝑑𝜆

𝑅 𝜆 = 𝑟 = 2, 𝜃 = 𝜆

𝑑𝑅

𝑑𝜆
=

𝑑𝑟

𝑑𝜆

𝑑𝑅

𝑑𝑟
+

𝑑𝜃

𝑑𝜆

𝑑𝑅

𝑑𝜃

𝑑𝑅

𝑑𝜆
= 0𝑒𝑟 + 1𝑒𝜃



Gravitational Force Field

Ԧ𝐹𝐺 =
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟)

𝑊 = න
𝑃

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = 𝑃׬
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟) ⋅ 𝑒𝑟 𝑑𝜆

𝑊 = 𝐺𝑀𝑚׬𝑃 −
1

𝜆2
𝑒𝑟 ⋅ 𝑒𝑟 𝑑𝜆

𝑊 = 𝐺𝑀𝑚
1

𝜆 𝑎

𝑏

𝑅 𝜆 = 𝑟 = 𝜆, 𝜃 = 0
𝑑𝑅

𝑑𝜆
= 1𝑒𝑟 + 0𝑒𝜃

= 𝐺𝑀𝑚
1

𝑏
−

1

𝑎







Gravitational
Potential



Gravitational Force Field

Ԧ𝐹𝐺 =
𝐺𝑀𝑚

𝑅
2 (−𝑒𝑟)

Ԧ𝐹𝐺 = 𝑚
𝐺𝑀

𝑅
2 (−𝑒𝑟)

Ԧ𝐹𝐺 = 𝑚 Ԧ𝐺

Ԧ𝐺 = −∇𝜙

Ԧ𝐹𝐺 = 𝑚 −∇𝜙



Gravitational Force Field Gravitational Potential
𝜙Ԧ𝐹𝐺 = 𝑚 −∇𝜙



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙 𝑊 = න

𝑃

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝑚 −∇𝜙 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

∇𝜙 =
𝜕𝜙

𝜕𝑥
𝑒𝑥 +

𝜕𝜙

𝜕𝑦
𝑒𝑦

𝑑𝑅

𝑑𝜆
=

𝑑𝑥

𝑑𝜆

𝑑𝑅

𝑑𝑥
+

𝑑𝑦

𝑑𝜆

𝑑𝑅

𝑑𝑦

𝑑𝑅

𝑑𝜆
=

𝑑𝑥

𝑑𝜆
𝑒𝑥 +

𝑑𝑦

𝑑𝜆
𝑒𝑦

Path 𝑃



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙 𝑊 = න

𝑃

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝑚 −∇𝜙 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

∇𝜙 ⋅
𝑑𝑅

𝑑𝜆

=
𝜕𝜙

𝜕𝑥
𝑒𝑥 +

𝜕𝜙

𝜕𝑦
𝑒𝑦 ⋅

𝑑𝑥

𝑑𝜆
𝑒𝑥 +

𝑑𝑦

𝑑𝜆
𝑒𝑦

=
𝜕𝜙

𝜕𝑥

𝑑𝑥

𝑑𝜆
+
𝜕𝜙

𝜕𝑦

𝑑𝑦

𝑑𝜆
=
𝑑𝜙

𝑑𝜆
Path 𝑃



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙 𝑊 = න

𝑃

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝑚 −∇𝜙 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

Path 𝑃



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙 𝑊 = න

𝐶

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝑚 −∇𝜙 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

𝑊 = −𝑚 𝜙 𝑃𝑒𝑛𝑑 − 𝜙 𝑃𝑠𝑡𝑎𝑟𝑡
Path 𝑃



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙 𝑊 = න

𝐶

Ԧ𝐹𝐺 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = න
𝑃

𝑚 −∇𝜙 ⋅
𝑑𝑅

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

𝑑𝜆
𝑑𝜆

𝑊 = −𝑚න
𝑃

𝑑𝜙

𝑊 = −𝑚 𝜙 𝑃𝑒𝑛𝑑 − 𝜙 𝑃𝑠𝑡𝑎𝑟𝑡
Path 𝑃



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙

Gravitational Potential
𝜙



Gravitational Force Field
Ԧ𝐹𝐺 = 𝑚 −∇𝜙

Gravitational Potential
𝜙 (if m=1)



Gravitational Force
(Covector) Field
𝑑𝐹𝐺 = 𝑚 −𝑑𝜙

Gravitational Potential
𝜙



Gravitational Force 
Vector Field

𝐹𝐺 = 𝑚 −∇𝜙

Gravitational 
Potential

𝜙

Gravitational Force 
Covector Field
𝑑𝐹𝐺 = 𝑚 −𝑑𝜙

−∇𝜙

−𝑑𝜙



Fundamental Theorem of Calculus for Line Integrals
(“Gradient Theorem”)

න
𝑃 𝑎, 𝑏

∇𝜙 ⋅ 𝑑𝑅 = 𝜙 𝑏 − 𝜙 𝑎

Old way (hard)

න
𝑃 𝑎, 𝑏

𝑑𝜙 = 𝜙 𝑏 − 𝜙 𝑎

New way (easy)







Every (single) integral involves
• a path
• a covector field (differential form)

න
0

2

(−6𝑥 + 4)𝑑𝑥න
𝑃[𝑎,𝑏]

𝑦𝑑𝑥 + 𝑥𝑑𝑦

Differential Form interpretation of Integrals



Every (single) integral involves
• a path
• a covector field (differential form)

Differential Form interpretation of Integrals

න
𝑃[𝑎,𝑏]

𝑑𝜙

The result of the 
integral is just 
the number of 
covector stacks 
pierced* by the path.

*(In the aligned direction.)


